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Sorting

ñI believe that virtually every important
aspect of programming arises somewhere in 
the context of sorting or searching!ò

Don Knuth, Stanford University

There is a lot of effort on multi-core processors, and 

comparatively little effort on addressing the ñcoreò problems: (1) 

the memory architecture, and (2) the way processors access 

memory.  Sort demonstrates those problems very clearly. 

Jim Gray, Microsoft Research
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Sorting

Well studied 
High performance computing 

Databases

Computer graphics

Programming languages

...

Google map reduce algorithm

Spec benchmark routine!
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Massive Databases

Terabyte-data sets are common
Google sorts more than 100 billion terms in its 
index 

> 1 Trillion records in web indexed!

Database sizes are rapidly increasing!
Max DB sizes increases 3x per year 
(http://www.wintercorp.com)

Processor improvements not matching 
information explosion
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CPU vs. GPU
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Massive Data Handling on CPUs

Require random memory accesses
Small CPU caches

Random memory accesses slower than even sequential disk 
accesses

High memory latency
Huge memory to compute gap!

CPUs are deeply pipelined
Pentium 4 has 30 pipeline stages

Do not hide latency - high cycles per instruction (CPI)

CPU is under-utilized for data intensive 
applications
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Why Many -Core Sort?
http://research.microsoft.com/barc/SortBenchmark
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Massive Data Handling on CPUs

Sorting is hard!

GPU a potentially scalable solution to 
terabyte sorting and scientific 
computing

We provide a scalable solution on GPUs
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Graphics Processing Units ( GPUs)

Commodity processor for graphics 
applications

Massively data-parallel processors

High memory bandwidth
Low memory latency pipeline

Programmable

High growth rate
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GPU: Commodity Processor

Cell phones Laptops Consoles

PSP
Desktops
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Graphics Processing Units ( GPUs)

Commodity processor for graphics 
applications

Massively data-parallel processors
10x more operations per sec than CPUs

High memory bandwidth
Better hides memory latency pipeline

Programmable

High growth rate
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Parallelism on GPUs

Peak FLOPS

GPU ï933 GFLOPS

CPU ï100 GFLOPS 
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Graphics Processing Units ( GPUs)

Commodity processor for graphics 
applications

Massively data-parallel processors

High memory bandwidth
Better hides latency pipeline

Programmable

10x more memory bandwidth than CPUs

High growth rate
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Traditional GPGPU Pipeline

Input Assembler

Vertex Shader

Pixel Shader

Tessellation

Rasterizer

Output Merger

Geometry Shader Memory
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DirectX11: Compute Shader

Input Assembler

Vertex Shader

Pixel Shader

Tessellation

Rasterizer

Output Merger

Geometry Shader Memory

140 

GB/s

Data Structure
Compute 
Shader
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Graphics Processing Units ( GPUs)

Commodity processor for graphics 
applications

Massively data-parallel processors

High memory bandwidth
Better hides latency pipeline

Programmable

High growth rate
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Memory Performance on GPUs
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GPUs for Sorting: Issues

Random writes are expensive
Optimized CPU algorithms do not map!

Lack of support for recursion

Out-of-core algorithms
Limited GPU memory
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Outline

Overview

Sorting on GPUs

Conclusions and Future Directions
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Sorting on GPUs

Adaptive sorting algorithms
Extent of sorted order in a sequence

General sorting algorithms

External memory sorting algorithms
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Adaptive Sorting on GPUs

Prior adaptive sorting algorithms require 
random data writes

In insertion sort, a processor may operate on different 
number of elements ïload imbalance

GPUs optimized for data-parallel algorithms
Use optimized data-parallel primitives such as scans

Design adaptive sorting using only data-
parallel computations

Avoid load imbalance by operating on same number of 
elements on each processor
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Adaptive Sorting Algorithm

Multiple iterations

Each iteration uses a two pass 
algorithm

First pass ïCompute an increasing sequence M

Second pass - Compute the sorted elements in M

Iterate on the remaining unsorted elements

N. Govindaraju, M. Henson, M. Lin and D. Manocha, 

Proc. Of ACM I3D, 2005
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Increasing Sequence

Given a sequence S={x1,é, xn}, an element 
xi belongs to M if and only if x i Ò xj, i<j, x j in 
S
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Increasing Sequence

X1 X2  X3é  Xi-1  Xi  Xi+1 é  Xn-2 Xn-1  Xn

Ò

M is an increasing sequence
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Increasing Sequence Computation

X1 X2  é  Xi-1  Xi  Xi+1 é  Xn-1  Xn

Compute
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Compute

XnÒ Ð

Xn

Increasing Sequence Computation
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Compute

xiÒMin?

Xi Xi+1 é  Xn-1  Xn

Yes. 

Prepend xi to M

Min = xi

Increasing Sequence Computation
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Compute

x1Ò{x2,é,xn}?

X1 X2  é  Xi-1  Xi  Xi+1 é  Xn-1  Xn

Increasing Sequence Computation



MICROSOFT MANY CORE APPLICATIONS INCUBATION  RESEARCH29

Computing Sorted Elements

Theorem 1: Given the increasing 
sequence M, rank of an element xi in 
M is determined if x i < min (I -M)
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Computing Sorted Elements

X1 X2  X3é  Xi-1  Xi  Xi+1 é  Xn-2 Xn-1  Xn
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X2        é  Xi-1  é  Xn

Computing Sorted Elements

X1 X3é     Xi Xi+1 é  Xn-2 Xn-1

Ò Ò

Ó



MICROSOFT MANY CORE APPLICATIONS INCUBATION  RESEARCH32

Computing Sorted Elements

Linear-time algorithm
Maintaining minimum
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X1 X3é     Xi Xi+1 é  Xn-2 Xn-1

Compute

Computing Sorted Elements

X2        é  Xi-1  é  Xn
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X1 X2  é  Xi-1 Xi

Compute

Xi in M?

XiÒ min?

No. 

Update min

Yes. 

Append Xi

to sorted list

Computing Sorted Elements
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Computing Sorted Elements

X1 X2  é  Xi-1  Xi  Xi+1 é  Xn-1 Xn

Compute
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Algorithm Analysis

Knuthôs measure of disorder: 

Given a sequence I and its longest increasing 
sequence LIS(I), the sequence of disordered 
elements Y = I - LIS(I)

Theorem 2: Given a sequence I and LIS(I), 
our adaptive algorithm sorts in at most 
(2 ||Y|| + 1) iterations  
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X1 X2 éXl Xl+1 Xl+2 éXm Xm+1 Xm+2 ... Xq Xq+1 Xq+2 ... Xn

Pictorial Proof
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X1 X2 éXl Xl+1 Xl+2 éXm Xm+1 Xm+2 ... Xq Xq+1 Xq+2 ... Xn

Pictorial Proof

2 iterations 2 iterations 2 iterations
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8

Example

1 2 3 4 5 6 7 9

Ò
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8

Example

1 2 3 4 5 6 7

Sorted

9
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Scan: All -prefix -sums

For an input sequence A = [a 0, a1, é, an-1] 
and binary associative operation with left 
identity 
scan (A) = [ ,  a0,  a0 a1,  é,  a0 a1 é an-2]

Example: is addition, = 0
A = [1, 1, 1, 1]

scan(A) = [0, 1, 2, 3]
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Computing Increasing 
Sequence

Compute MIN scan in backward 
direction : Iô

Compare each element in I with Iô
Elements less than corresponding elements in 
Iôare in M

42
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Computing Sorted Elements

Compute forward MIN scan of 
elements in I -M: Iôô

Elements not in M are set to Ð in I and scan is 
performed on I

Compare elements in M with I

Elements that are less than or equal to 
corresponding elements in I are sorted

43
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Data Parallel Scans

Well-studied in parallel computing
Implemented on GPUs [Horn 05, Harris et al. 
07, Sengupta et al. 07, Dotsenko et al. 08]

Exploit shared memory to achieve higher 
memory efficiency

Optimized libraries available

Tree-based scan algorithms may not 
scale well with shared memory

Instead use matrix-based representations

44

Y. Dotsenko, N. Govindaraju, PP. Sloan, C. Boyd and J. Manferdelli, 

Proc. Of ACM ICS, 2008



MICROSOFT MANY CORE APPLICATIONS INCUBATION  RESEARCH

Forward Unsegmented Scan
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Adaptive Sorting: Lessons

Do not try to remap serial adaptive algorithms

Design better data parallel algorithms to achieve 
scalable performance

Linear in the input size and sorted extent

Works well on almost sorted input

Use data parallel primitives such as scans
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General Sorting on GPUs

General datasets

High performance

N. Govindaraju, N. Raghuvanshi and D. Manocha, 

Proc. Of ACM SIGMOD, 2005
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General Sorting on GPUs

Design sorting algorithms with deterministic 
memory accesses

Achieve high memory bandwidth

Can better hide the memory latency!!

Require minimum and maximum computations
Low branching overhead

No data dependencies
Utilize high parallelism on GPUs
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GPU-Based Sorting Networks

Represent data as 2D arrays 

Multi-stage algorithm

Each stage involves multiple steps

In each step

1. Compare one array element against exactly one 
other element at fixed distance

2. Perform a conditional assignment (MIN or MAX) at 
each element location
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Sorting Animation

50
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2D Memory Addressing

GPUs optimized for 2D representations
Map 1D arrays to 2D arrays

Minimum and maximum regions mapped to row-
aligned or column-aligned quads
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1D ï2D Mapping

MIN MAX
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1D ï2D Mapping

MIN

Effectively reduce instructions 

per element
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Sorting on GPU: Pipelining and 
Parallelism

Input Vertices

Texturing, Caching 

and 2D Quad

Comparisons

Sequential Writes
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Comparison with GPU -Based 
Algorithms

3-6x faster than 

prior GPU-based 

algorithms! 
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Sorting on Recent GPGPU 
APIs

Use shared memory to perform local 
sorting

Bitonic sorting can be implemented in O(nlogn) 
memory accesses

Memory access patterns similar to FFT butterfly 
networks

56
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FFT Performance on GPUs

57
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Preliminary performance of our algorithms:

Å4-8x faster than CUFFT on GTX280

Å2x faster using G92 than CUFFT on GTX280

Å10-30x faster than Intel MKL on high-end quad-core CPUs 

N. Govindaraju, B. Lloyd, Y. Dotsenko, B. Smith and J. Manferdelli, 

Proc. Of ACM/IEEE SuperComputing, 2008 (to appear)

Driver: 

177.41
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External Memory Sorting

Performed on Terabyte-scale databases

Two phases algorithm [Vitter01, Salzberg90, 

Nyberg94, Nyberg95 ]

Limited main memory

First phase ïpartitions input file into large data chunks 
and writes sorted chunks known as ñRunsò

Second phase ïMerge the ñRunsò to generate the sorted 
file 

N. Govindaraju, J. Gray, R. Kumar and D. Manocha, 

Proc. of ACM SIGMOD 2006 (to appear)
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External Memory Sorting

Performance mainly governed by I/O 

Salzberg Analysis: Given the main 
memory size M and the file size N, if the 
I/O read size per run is T in phase 2, 
external memory sorting achieves efficient 
I/O performance if the run size R in phase 
1 is given by R å ã(TN) 
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Salzberg Analysis

If N=100GB, T=2MB, then 
R å 230MB 

Large data sorting is inefficient on 
CPUs

R » CPU cache sizes ïmemory latency
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External memory sorting

External memory sorting on CPUs can 
have low performance due to 

High memory latency

Or low I/O performance

Our algorithm 
Sorts large data arrays on GPUs

Perform I/O operations in parallel on CPUs
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GPUTeraSort


